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The Hilbert Transform

For f P SpRq, the Hilbert transform is given by:

Hf pxq :“ lim
εÑ0

ż

|t|ąε

f px ´ tq

t
dt.

As a multiplier operator, it is:

xHf pξq “ ´πisgnpξqf̂ pξq.

The Hilbert transform is an example of a singular integral operator
of Calderón-Zygmund type. Calderón-Zygmund theory is used to
prove the following:

Theorem

The Hilbert transform is bounded on LppRq for every 1 ă p ă 8:

||Hf ||LppRq ď Cp||f ||LppRq,

for some Cp ą 0.
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Calderón-Zygmund Theory Summary

L2 Ñ L2 bounds follow from Plancherel’s theorem and the properties
of the kernel 1{t.

L1 Ñ L1,8 bounds for the Hilbert transform are obtained via the
Calderón-Zygmund decomposition.

Lp Ñ Lp bounds, for 1 ă p ă 8, follow from interpolating between
the above estimates and duality.

Aleksandra Niepla An Overview of the Bilinear Hilbert Transform 3 / 32



BHT and History

The bilinear Hilbert transform in the direction pα, βq P R2 is defined for
f , g P SpRqby

BHTα,βpf , gqpxq :“ lim
εÑ0

ż

|t|ąε
f px ´ αtqgpx ´ βtq

dt

t
.

A. Calderón introduced the BHTα,β while studying the Cauchy integral on
Lipschitz curves in 1970.

Non-Uniform Bounds (depending on pα, βq)

M. Lacey, C. Thiele ’97: 2 ă p, q ă 8, 1 ă r ă 2

M. Lacey, C. Thiele ’99: 1 ă p, q ď 8, 2{3 ă r ă 8 (general case)

Uniform Bounds (independent of pα, βq)

C. Thiele ’02: weak estimate in p2, 2,8q

L. Grafakos, X. Li ’04: 2 ă p, q ă 8, 1 ă r ă 2

X. Li ’06: 1 ă p, q ă 2, 2{3 ă r ă 1

R. Oberlin, C. Thiele ’11: expected bounds for Walsh model

Aleksandra Niepla An Overview of the Bilinear Hilbert Transform 4 / 32



BHT and History

The bilinear Hilbert transform in the direction pα, βq P R2 is defined for
f , g P SpRqby

BHTα,βpf , gqpxq :“ lim
εÑ0

ż

|t|ąε
f px ´ αtqgpx ´ βtq

dt

t
.

A. Calderón introduced the BHTα,β while studying the Cauchy integral on
Lipschitz curves in 1970.

Non-Uniform Bounds (depending on pα, βq)

M. Lacey, C. Thiele ’97: 2 ă p, q ă 8, 1 ă r ă 2

M. Lacey, C. Thiele ’99: 1 ă p, q ď 8, 2{3 ă r ă 8 (general case)

Uniform Bounds (independent of pα, βq)

C. Thiele ’02: weak estimate in p2, 2,8q

L. Grafakos, X. Li ’04: 2 ă p, q ă 8, 1 ă r ă 2

X. Li ’06: 1 ă p, q ă 2, 2{3 ă r ă 1

R. Oberlin, C. Thiele ’11: expected bounds for Walsh model

Aleksandra Niepla An Overview of the Bilinear Hilbert Transform 4 / 32



BHT and History

The bilinear Hilbert transform in the direction pα, βq P R2 is defined for
f , g P SpRqby

BHTα,βpf , gqpxq :“ lim
εÑ0

ż

|t|ąε
f px ´ αtqgpx ´ βtq

dt

t
.

A. Calderón introduced the BHTα,β while studying the Cauchy integral on
Lipschitz curves in 1970.

Non-Uniform Bounds (depending on pα, βq)

M. Lacey, C. Thiele ’97: 2 ă p, q ă 8, 1 ă r ă 2

M. Lacey, C. Thiele ’99: 1 ă p, q ď 8, 2{3 ă r ă 8 (general case)

Uniform Bounds (independent of pα, βq)

C. Thiele ’02: weak estimate in p2, 2,8q

L. Grafakos, X. Li ’04: 2 ă p, q ă 8, 1 ă r ă 2

X. Li ’06: 1 ă p, q ă 2, 2{3 ă r ă 1

R. Oberlin, C. Thiele ’11: expected bounds for Walsh model

Aleksandra Niepla An Overview of the Bilinear Hilbert Transform 4 / 32



The Main Theorem

The result that we study in this talk asserts the following:

Theorem (M. Lacey, C. Thiele, 1999)

The bilinear Hilbert transform maps Lp ˆ Lq into Lr for any 1 ă p, q ď 8
with the property that 1

p `
1
q “

1
r and 2{3 ă r ă 8.

p0, 0, 1q

p0, 1, 0qp1, 0, 0q

´

1
2
, 1,´ 1

2

¯´

1, 1
2
,´ 1

2

¯

?

Figure: Range for the BHT operator. The plot contains tuples ppp1{{{p, 1{{{q, 1{{{r 111qqq,
which in our case must lie on the plane x `̀̀ y `̀̀ z “““ 1.
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Restricted Weak Type Estimates

Definition

Let 1 ă p, q ă 8 and 0 ă r ă 8 be such that 1
p `

1
q “

1
r . A bilinear

operator T is of restricted weak type pppp,q, rqqq if for all measurable sets
E1, E2, E of finite measure there exists E 1 Ă E with
|E 1| » |E | (called a major subset), such that

ˇ

ˇ

ˇ

ˇ

ż

R
T pf1, f2qpxqf pxq dx

ˇ

ˇ

ˇ

ˇ

À |E1|1{p|E2|1{q|E 1|1{r
1

for every |f1| ď χE1 , |f2| ď χE2 , and |f | ď χE 1 .

If T is of restricted weak type pp, q, rq, then

||T pf1, f2q||r ,8 À ||f1||p||f2||q

whenever f1 and f2 are as above.
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Main Theorem Reformulated

The proof of the main theorem can be reduced to proving the following:

Theorem

Fix ε ą 0, (small). Let 1 ă p ă 1` ε, 2´ ε ă q ă 2, and such that for
1
r

:“ 1
p `

1
q one has 2{3 ă r ă 1. Then the BHT is of restricted weak type

pp, q, rq.
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Interpolation Details

p0, 0, 1q

p0, 1, 0qp1, 0, 0q

´

1
2
, 1,´ 1

2

¯´

1, 1
2
,´ 1

2

¯

p1, 1,´1q

´

´ 1
2
, 1, 1

2

¯

p´1, 1, 1q

´

´ 1
2
, 1
2
, 1

¯´

1
2
,´ 1

2
, 1

¯

p1,´1, 1q

´

1,´ 1
2
, 1
2

¯

Figure: The three step interpolation to reduce the main theorem to the theorem
on the previous slide. The plot contains tuples ppp1{{{p, 1{{{q, 1{{{r 111qqq, which in our
case must lie on the plane x `̀̀ y `̀̀ z “““ 1.
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Comparison with Bilinear Coifmann-Meyer Operators

A bilinear Coifmann-Meyer operator is an operator of type:

T pf , gqpxq ÞÑ

ż

R2

mpξ1, ξ2qf̂ pξ1qĝpξ2qe
2πixpξ1`ξ2qdξ1dξ2,

where |Bαmpξq| À 1
|ξ||α|

.

The following bounds hold:

||T pf , gq||Lr À ||f ||Lp ||g ||Lq for 1 ă p, q ď 8, 1p `
1
q “

1
r , 0 ă r ă 8.

The bilinear Hilbert transform is a bilinear multiplier operator
with a more singular multiplier:

BHT pf , gq Ñ ´iπ

ż

R2

sgnpξ1 ´ ξ2qf̂ pξ1qĝpξ2qe
2πixpξ1`ξ2qdξ1dξ2.
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2πixpξ1`ξ2qdξ1dξ2.

Aleksandra Niepla An Overview of the Bilinear Hilbert Transform 9 / 32



Comparison with Bilinear Coifmann-Meyer Operators

A bilinear Coifmann-Meyer operator is an operator of type:

T pf , gqpxq ÞÑ

ż

R2

mpξ1, ξ2qf̂ pξ1qĝpξ2qe
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Comparing Multiplier Singularities

Bilinear Coifmann-Meyer Operator

ξ2

ξ10

Figure: Singularity point,
pξ1, ξ2q “ p0, 0q, of multiplier

BHT

ξ2

ξ1

Figure: Singularity line, ξ1 “ ξ2, of
BHT multiplier
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Discrete Representation of the Multiplier

Bilinear Coifmann-Meyer

ξ2

ξ10´2 2´1 1´ 1
2

1
2

Figure: Whitney rectangles with
respect to p0, 0q

BHT

ξ2

ξ1

1

2

3

4

1 2 3 4

Figure: Whitney squares with respect to
ξ1 “ ξ2.
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BHT

ξ2
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1
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Q2

Q1

Figure: Whitney squares with respect to
ξ1 “ ξ2. Giving model:
mpξ1, ξ2q “

ř

Q φ̂Q1pξ1qφ̂Q2pξ2qφ̂Q3pξ1 ` ξ2q
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BHT Model Operator

We obtain a model operator associated to the BHT given by:

BHTPpf1, f2q “
ÿ

PPP

1

|IP |1{2
xf1,Φ

1
P1
yxf2,Φ

2
P2
yΦ3

P3
.

Each P “““ pppP1,P2,P3qqq PPP P is a 3-tuple of tiles in the phase plane.

space

frequency
Pi “ Ip ˆ Qi

|Ip| ¨ |Qi | “ 1

ω1

ω2

ω1 ` ω2

Ip “ 2´k rm,m ` 1)

Q1

Q2

Q3

P1

P2

P3

Figure: Titles in phase space.
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Properties of Tri-Tiles

For every dyadic interval I , there
can be a whole column of tri-tiles
P s.t. IP “ I .

The position of P1 or P2 or P3

determines position of the rest.

Given location of P1{P2,
then P2{P1 lies a number of
steps away comparable to
C0.
The frequency coordinate of
P3 is essentially a sum of
the other two.

If the frequency intervals of P1

intersect i.e. all contain ξ0, then
the frequency intervals of the
corresponding P2 tiles are disjoint
and lacunary away from ξ0.
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Trees

Definition

Let P be any collection of tri-tiles. A subcollection T Ă P is called a j-tree
provided there exists a tri-tile PT (called the top of the tree) such that

IP Ď IPT
and ωPT ,j Ď 3ωP,j , for every P P T .

Figure: P1 tiles in a 1-tree.

Aleksandra Niepla An Overview of the Bilinear Hilbert Transform 14 / 32



L2 Size

Definition

Let P be a finite collection of tri-tiles and let f : RÑ C. The j-size, for
j P t1, 2, 3u, of the sequence xf ,Φj

Pj
yPPP is

sizeP

´

xf ,Φj
Pj
yP

¯

:“ sup
TĎP

˜

1

|IT |

ÿ

PPT

|xf ,Φj
Pj
y|2

¸1{2

,

where T ranges over all trees in P that are i´ trees for i ‰ j .

Sizes aid in estimating BHTP when P consists of a single tree:
ˇ

ˇ

ˇ

ˇ

ż

R
BHTT pf1, f2qpxqf3pxqdx

ˇ

ˇ

ˇ

ˇ

ď

ÿ

PPT

1

|IP |1{2
|xf1,Φ

1
P1
y||xf2,Φ

2
P2
y||xf3,Φ

3
P3
y| ď |IT |

3
ź

j“1

size
´

xfj ,Φ
j
Pj
yPPT

¯
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Chain of Strongly i-Disjoint Trees

Let 1 ď i ď 3. A finite sequence of trees T1, ...,TM is a chain of strongly
i-disjoint trees provided that: they are pairwise disjoint and

If P P T`1 ,P
1 P T`2p`1 ‰ `2q with 2ωPi

X 2ωP 1i
‰ H then

|ωPi
| ď |ωP 1i

| ùñ IP 1 X IT`1 “ H and
|ωP 1i

| ă |ωPi
| ùñ IP X IT`2 “ H.

x

ξ Disjoint Chain
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L2 Energy

Definition

The j-energy of the sequence xf ,Φj
Pj
yPPP is

energy
´

xf ,Φj
Pj
yP

¯

:“ sup
nPZ

sup
T

2n

˜

ÿ

TPT
|IT |

¸1{2

,

T ranges over chains of strongly j´ disjoint trees (which are i-trees for
some i ‰ j) having the property that

size
´

xf ,Φj
Pj
yP

¯

» 2n.

The energy aids in summing the estimates obtained on each
individual tree.
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Estimate on the Trilinear Form

The following theorem provides a way of estimating a generic trilinear form
associated with BHTPpf1, f2q. First we write:

ΛPpf1, f2, f3q :“

ż

R
BHTPpf1, f2qpxqf3pxqdx .

Theorem (size-energy estimate)

Let P be a finite collection of tri-tiles. Then

|ΛPpf1, f2, f3q| À
3
ź

j“1

psizepxf ,Φj
Pj
yPqq

θj penergypxf ,Φj
Pj
yPqq

1´θj

for any 0 ď θ1, θ2, θ3 ă 1 with θ1 ` θ2 ` θ3 “ 1.
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Stopping-time Decompositions

The following is a key ingredient in the proof of the size-energy duality
theorem.

Proposition (stopping-time decomposition)

Let j P t1, 2, 3u. For any P1 Ă P and any n P Z such that

sizepxf ,Φj
Pj
yPPP1q ď 2´nenergy

´

xf ,Φj
Pj
yPPP

¯

,

One can decompose P1 “ P´ Y P` in such a way that

sizepxfj ,Φ
j
Pj
yPPP´q ď 2´n´1energy

´

xf ,Φj
Pj
yPPP

¯

and P` can be written as a disjoint union of trees T P T such that

ÿ

TPT
|IT | À 22n.
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Proof of Stopping-Time Decomposition

Proof.

(WLOG take j=2) Consider all i-trees T (i ‰ 2) that are upward 2´ trees
rooted at PT and satisfy:

˜

1

|IT |

ÿ

PPT

|xf ,Φj
Pj
y|2

¸1{2

ą 2´n´1energy
´

xf ,Φj
Pj
yPPP

¯

.

If there are no such trees, terminate algorithm.

Otherwise, choose a
maximal T whose center ξT ,i of ωPT ,i

is largest. Remove T and rT from P1
and place into P` where:

rT :“ tP P P1zT |IP Ď IPT
, ωPT ,2 Ď 3ωP,2u.

Continue until algorithm terminates. Trees T1,T2, ...,TM form a chain of
strongly 2´ disjoint trees. Repeat for downward 2´ trees.

Aleksandra Niepla An Overview of the Bilinear Hilbert Transform 20 / 32



Proof of Stopping-Time Decomposition

Proof.

(WLOG take j=2) Consider all i-trees T (i ‰ 2) that are upward 2´ trees
rooted at PT and satisfy:

˜

1

|IT |

ÿ

PPT

|xf ,Φj
Pj
y|2

¸1{2

ą 2´n´1energy
´

xf ,Φj
Pj
yPPP

¯

.

If there are no such trees, terminate algorithm. Otherwise, choose a
maximal T whose center ξT ,i of ωPT ,i

is largest.

Remove T and rT from P1
and place into P` where:

rT :“ tP P P1zT |IP Ď IPT
, ωPT ,2 Ď 3ωP,2u.

Continue until algorithm terminates. Trees T1,T2, ...,TM form a chain of
strongly 2´ disjoint trees. Repeat for downward 2´ trees.

Aleksandra Niepla An Overview of the Bilinear Hilbert Transform 20 / 32



Proof of Stopping-Time Decomposition

Proof.

(WLOG take j=2) Consider all i-trees T (i ‰ 2) that are upward 2´ trees
rooted at PT and satisfy:

˜

1

|IT |

ÿ

PPT

|xf ,Φj
Pj
y|2

¸1{2

ą 2´n´1energy
´

xf ,Φj
Pj
yPPP

¯

.

If there are no such trees, terminate algorithm. Otherwise, choose a
maximal T whose center ξT ,i of ωPT ,i

is largest. Remove T and rT from P1
and place into P` where:

rT :“ tP P P1zT |IP Ď IPT
, ωPT ,2 Ď 3ωP,2u.

Continue until algorithm terminates. Trees T1,T2, ...,TM form a chain of
strongly 2´ disjoint trees. Repeat for downward 2´ trees.

Aleksandra Niepla An Overview of the Bilinear Hilbert Transform 20 / 32



Proof of Stopping-Time Decomposition

Proof.

(WLOG take j=2) Consider all i-trees T (i ‰ 2) that are upward 2´ trees
rooted at PT and satisfy:

˜

1

|IT |

ÿ

PPT

|xf ,Φj
Pj
y|2

¸1{2

ą 2´n´1energy
´

xf ,Φj
Pj
yPPP

¯

.

If there are no such trees, terminate algorithm. Otherwise, choose a
maximal T whose center ξT ,i of ωPT ,i

is largest. Remove T and rT from P1
and place into P` where:

rT :“ tP P P1zT |IP Ď IPT
, ωPT ,2 Ď 3ωP,2u.

Continue until algorithm terminates. Trees T1,T2, ...,TM form a chain of
strongly 2´ disjoint trees.

Repeat for downward 2´ trees.

Aleksandra Niepla An Overview of the Bilinear Hilbert Transform 20 / 32



Proof of Stopping-Time Decomposition

Proof.

(WLOG take j=2) Consider all i-trees T (i ‰ 2) that are upward 2´ trees
rooted at PT and satisfy:

˜

1

|IT |

ÿ

PPT

|xf ,Φj
Pj
y|2

¸1{2

ą 2´n´1energy
´

xf ,Φj
Pj
yPPP

¯

.

If there are no such trees, terminate algorithm. Otherwise, choose a
maximal T whose center ξT ,i of ωPT ,i

is largest. Remove T and rT from P1
and place into P` where:

rT :“ tP P P1zT |IP Ď IPT
, ωPT ,2 Ď 3ωP,2u.

Continue until algorithm terminates. Trees T1,T2, ...,TM form a chain of
strongly 2´ disjoint trees. Repeat for downward 2´ trees.

Aleksandra Niepla An Overview of the Bilinear Hilbert Transform 20 / 32



Justifying that T1,T2, ...,TM form a chain of strongly j´disjoint trees

Assume Ts ,Ts 1 do not satisfy the
strongly 2-disjointness property.

So, there are P P Ts ,P
1 P Ts 1 with

|ωP2 | ă |ωP 12
| and IP 1 Ă ITs .

But |ωP2 | ă |ωP 12
| implies

ξPTs1 ,i
ă ξPTs ,i

.

So, Ts is selected before Ts 1 .

Hence, the tri-tile P 1 was removed in
ĂTs , contradicting that P 1 P Ts 1 .

x

ξ

ξTs ,1

ξTs1 ,1
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ξ
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Iterated Stopping-Time Decomposition
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Iterated Stopping-time Rigorously Stated

Corollary

Let P be a collection of tri-tiles. One can split P as

P “
ď

kPZ
Pk , where for k P Z we have

size
´

xf ,Φj
Pj
yPPPk

¯

ď minp2´kEj ,Sjq, for every j “ 1, 2, 3.

Also, one can cover Pk by a collection of trees T P Tk for which

ÿ

TPTk

|IT | À 22k .
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Iterated Stopping-Time to Deduce Size-Energy Estimate

ˇ

ˇ

ˇ

ˇ

ΛP

ˆ

f1
E1
,
f2
E2
,
f3
E3

˙ˇ

ˇ

ˇ

ˇ

“
ÿ

kPZ

˜

3
ź

j“1

size

˜

B

fj
Ej
,Φj

Pj

F

PPPk

¸¸

ÿ

TPTk

|IT |

À
ÿ

kPZ

˜

3
ź

j“1

size

˜

B

fj
Ej
,Φj

Pj

F

PPPk

¸¸

22k

À

ˆ

S1
E1

˙θ1
ˆ

S2
E2

˙θ2
ˆ

S3
E3

˙θ3

.
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Bound on the Size

Lemma (Maximal Operator Bound)

Let j P t1, 2, 3u, then for every f P SpRq one has

size
´

xf ,Φj
Pj
yP

¯

À sup
PPP

1

|IP |

ż

R
|f pxq| ¨ rχIP pxqdx .

John-Nirenberg Inequality:

sizejP – sup
TĂP

1

|IT |1{2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

˜

ÿ

PPT

|xf , φjPj
y|2

|IP |
χIP

¸1{2
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

»

sup
TĂP

1

|IT |

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

˜

ÿ

PPT

|xf , φjPj
y|2

|IP |
χIP

¸1{2
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1,8
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Bound on the Energy

Lemma (Bessel Inequality)

Let j P t1, 2, 3u and f P L2pRq. Then

Energy
´

xf ,Φj
Pj
yP

¯

À ||f ||2.

One invokes strong j-disjointness of trees T P T and almost
orthogonality of the corresponding wave packets tΦj

Pj
uPPT :

E
´

xf ,Φj
Pj
yP

¯2
“ 2n

˜

ÿ

TPT
|IT |

¸

À 2n2´n

˜

ÿ

TPT

˜

ÿ

PPT

|xf ,Φj
Pj
y|2

¸¸

“

ˇ

ˇ

ˇ

ˇ

ˇ

C

ÿ

T

ÿ

PPT

xf ,ΦPj
yΦPj

, f

G
ˇ

ˇ

ˇ

ˇ

ˇ

À ||f ||2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

T

ÿ

PPT

xf ,ΦPj
yΦPj

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

.
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Proof of Main Theorem

Fix measurable sets E1, E2, E of finite measure. Our goal is to
construct a subset E 111 ĂĂĂ E with |E 1| » |E | and such that

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

PPP

1

|IP |1{2
xf1,Φ

1
P1
yxf2,Φ

2
P2
yxf3,Φ

3
P3
y

ˇ

ˇ

ˇ

ˇ

ˇ

À |E1|1{p|E2|1{q|E 1|1{r
1

(1)

For every |f1| ď χE1 , |f2| ď χE2 , and |f | ď χE 1 .
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Proof of Main Theorem (Continued)

Define first an exceptional set

Ω :“ tx : Mf1pxq ą C |E1|u
ď

tx : Mf2pxq ą C |E2|u,

where M is the usual Hardy-Littlewood maximal operator.

Set E 111 :“““ EzΩ. It satisfies |E 1| » |E | if C is sufficiently large enough.

To be able to estimate we split our collection of tri-tiles P as follows:

P “
ď

dě0

Pd ,

where Pd contains all the tri-tiles in P having the property that

2d ď 1`
distpIp,Ω

cq

|IP |
ă 2d`1.
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Proof of Main Theorem (Continued)

So, one has

|ΛPpf1, f2, f3q| ď
8
ÿ

d“0

|ΛPd
pf1, f2, f3q|

À

8
ÿ

d“0

˜

3
ź

j“1

´

size
´

xf ,Φj
Pj
yPPPd

¯¯θj
´

energy
´

xf ,Φj
Pj
yPPPd

¯¯1´θj

¸

for any 0 ď θ1, θ2, θ3 ă 1 with θ1 ` θ2 ` θ3 “ 1.

Size Lemma (Maximal Function Bound):

size
´

xfi ,Φ
j
Pj
yPPPd

¯

À sup
PPPd

1

|IP |

ż

fi rχ
M
IP
dx ùñ

#

Si À 2d |Ei | i“1,2

S3 À 2´Md |E 1|

Energy Lemma (Bessel Inequality):

energy
´

xfi ,Φ
j
Pj
yPPPd

¯

À ||fi ||2 ùñ energy
´

xfi ,Φ
j
Pj
yPPPd

¯

À |Ei |1{2.
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|ΛPpf1, f2, f3q| ď
8
ÿ

d“0

|ΛPd
pf1, f2, f3q|

À

8
ÿ

d“0

˜

3
ź

j“1

´

size
´

xf ,Φj
Pj
yPPPd

¯¯θj
´

energy
´

xf ,Φj
Pj
yPPPd

¯¯1´θj

¸

for any 0 ď θ1, θ2, θ3 ă 1 with θ1 ` θ2 ` θ3 “ 1.

Size Lemma (Maximal Function Bound):

size
´

xfi ,Φ
j
Pj
yPPPd

¯

À sup
PPPd

1

|IP |

ż

fi rχ
M
IP
dx ùñ

#

Si À 2d |Ei | i“1,2

S3 À 2´Md |E 1|

Energy Lemma (Bessel Inequality):

energy
´

xfi ,Φ
j
Pj
yPPPd

¯

À ||fi ||2 ùñ energy
´

xfi ,Φ
j
Pj
yPPPd

¯

À |Ei |1{2.
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Proof of Main Theorem (Continued)

So,

À

8
ÿ

d“0

˜

3
ź

j“1

´

size
´

xf ,Φj
Pj
yPPPd

¯¯θj
´

energy
´

xf ,Φj
Pj
yPPPd

¯¯1´θj

¸

À

8
ÿ

d“0

´

2d |E1|
¯θ1
|E1|p1´θ1q{2

´

2d |E2|
¯θ2
|E2|p1´θ2q{22´Mdθ3

“

8
ÿ

d“0

2dpθ1`θ2´Mθ3q|E1|p1`θ1q{2|E2|p1`θ2q{2 À |E1|p1`θ1q{2|E2|p1`θ2q{2

Setting 1{p – p1` θ1q{2 and 1{q “ p1` θ2q{2 completes the proof.
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Thank you for your attention!
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